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The recent editorial of Bodnar and Blackstone (1)
suggests that the so-called ‘actual’ analysis has been
misused at times and makes suggestions for limiting
its future use. I generally agree with the editorial. 

However, the method is mathematically valid, and
does have some important uses. I fear that in overre-
acting to some misuses we run the risk of throwing out
the baby with the bath water. In this note I discuss
some of the mathematical background, and some
applications where use of competing risks analysis is
critical for proper understanding of a clinical situation.  
I agree with the editorial that the term ‘actual’ is poten-
tially misleading, and other terminology should be
used. The general area of analysis is often referred to as
‘competing risks’ analysis, and the term ‘cumulative
incidence’ seems to be well accepted in this area. I
agree with the suggestion that the term ‘cumulative
incidence’ be used. 

One point that must be made is that competing risks
analysis rests on a completely sound mathematical
footing, and cumulative incidence is a precisely
defined mathematical concept. The general setting is
that there are two (or more) competing risks.  Each risk
will have its own probability distribution, and the con-
cept of the first event to be observed is precisely
defined. Theoretical treatments are given in
Kalbfleisch and Prentice (2), and Andersen et al. (3);
formula 4.4.19 of the latter reference includes a deriva-
tion of the standard error. A rather more readable treat-
ment, which clearly illustrates the difference between
Kaplan-Meier (actuarial) analysis and competing risks
analysis, is given by Gooley et al. (4). 

The methodology of competing risks is standard in
many medical areas. The paper of Gaynor et al. (5) dis-
cusses an oncology example with three competing
risks; a standard error formula is given, but it is more
difficult to use than the one in (3). The paper of Klein
(6) is also in the oncology area; it discusses handling of
covariates. 

In all the above references the probability of a partic-
ular event being the first event observed is computed
as a function of time; the term ‘cumulative incidence’
is used to denote the graph showing these probabili-
ties. (Note that the term ‘cumulative hazard’ is often
used for a different concept; the two should not be con-
fused.)

In the valve examples studied by Blackstone and
Kirklin (7) and by Grunkemeier at al. (8), there will be
some true mathematical distribution for valve failure,

and there will be another true mathematical distribu-
tion for death. In the actuarial analysis of valve failure
death is merely a circumstance that prevents one from
observing failure events, the end of follow-up in a clin-
ical trial also prevents observation of failure. Both cir-
cumstances have the same meaning to the statistician,
albeit not to the patient; in either case data are cen-
sored at the last time that the valve was known to be
good. The Kaplan-Meier algorithm is well suited for
estimating both the valve failure and death distribu-
tions, but there are circumstances where a parametric
model is preferable. 

There will also be some true mathematical distribu-
tion for the random variable valve failure observed before
death. This distribution could be computed if the other
two distributions were known; if one has a series of
patient data the distribution must be estimated. In this
situation a patient death directly affects the cumulative
incidence estimate, because this represents a case
where the first event will not be valve failure. The end
of follow-up still causes censoring, since in such a case
one does not know which event would ultimately
occur first. The distribution to be estimated here is
mathematically different from the distribution of valve
failure, and the algorithms are accordingly different.
Competing risks analysis is not implemented as a stan-
dard part of SAS®; however, SAS code, including the
standard error estimates of (3), has been published by
Anderson (9). 

As an example of correct use of competing risks
analysis, the valve studies (7) and (8) considered advis-
ing a patient as to his own future risks. Other situa-
tions would include an insurance company that might
want to estimate the potential cost of replacement sur-
gery, or a valve manufacturer that might want to esti-
mate future sales of replacement valves. The
Kaplan-Meier analysis would not be appropriate in
any of these cases; meaningful results cannot be
obtained without use of competing risks analysis.

Another example comes from left ventricular assist
devices. There are current clinical studies involving a
combined endpoint of death, device failure, and
stroke. Whichever event comes first defines the end-
point for the particular patient; censoring is almost
exclusively due to a patient being alive and event-free
at the end of follow-up. In planning such a trial it is
vital for a manufacturer to use competing risks analy-
sis to study the cumulative incidence of the various
components of the combined endpoint.

Finally, there are the numerous oncology studies,
including (5) and (6) above; the paper of Freidlin and
Korn (10) also includes a simulation comparing differ-
ent analysis methodologies. 

If one is going to present competing risks analysis, in
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the above or other circumstances where the analysis is
appropriate, the question remains as to how the results
might be presented. I have two suggestions.

First, I suggest that it may be useful to present on one
set of axes a graph with three (or more) curves. There will
be one curve showing the cumulative incidence of each
risk. There will be also one curve showing the freedom
from all events. In these graphs the various cumulative
incidence curves increase, and the freedom from all
events decreases; at all times the values represented by
the curves add to 1. There is no place in this graph for the
Kaplan-Meier actuarial curves showing freedom from
individual events; using the vocabulary of Blackstone
and Bodnar, the competing risks curves present the
apples, and the actuarial curves are the oranges.

An example of such a graph is shown in figure 1; the
analysis is of explant due to SVD for a hypothetical bio-
prosthetic valve. Literature examples of such graphs
include figure 1 in Banbury et al. (11), figure 3 in
Blackstone and Lytle (12), and figure 3 in Kojori et al. (13)

Second, I suggest that one should never present the
cumulative incidence curve without also presenting the
corresponding actuarial curve somewhere in the man-
uscript. Even if the real interest is in the cumulative
incidence, presenting both will go a way towards
ensuring that readers do not misinterpret the results.
The Kaplan-Meier graph for freedom from SVD, based
on the same hypothetical data set, is shown in Figure 2.

The graphs are not complete without some measure
of the errors involved. Both graphs presented here
show the patients at risk, and these numbers are math-
ematically the same for the two graphs. The competing
risks graph also shows 95% confidence limits, based on
the matrix version of Greenwood’s standard error (3),
(9). One could also show error bars at selected time
points. In figure 2 the error bars show 95% confidence
limits, based on Greenwood’s standard error and the
asymmetrical logit transformation. At least one of the

three representations of error should always be shown. 
The influence of age on valve failure presents an
important issue, and it is natural to include age as a
covariate in actuarial analysis. In this context actuarial
analysis is generally performed using the Cox propor-
tional hazards algorithm. The results of such an analy-
sis are well known: valves last somewhat longer in
older patients. If different valve models are being com-
pared, the valve model effect can be separated from
the age effect using proportional hazards.  

Alternatively, patients can be stratified into age
groups, and then the Kaplan-Meier algorithm can be
used within each age group; slight differences in age
distribution will not have much impact on the final
results. Countless valve series have been presented
using various age stratifications, and valuable compar-
isons can be made from published data.

The situation is considerably different with compet-
ing risks analysis. Age has a dramatic effect on patient
survival, and this translates directly into a dramatic
effect on cumulative incidence of valve failure. Since
this effect goes in the same direction as the known
effect of age on valve failure itself, the combination of
the effects makes it virtually impossible to validly
compare cumulative incidence curves from different
valve series. I agree with the recommendation of
Bodnar and Blackstone that this comparison should
never be done. I would go farther, and suggest that
cumulative incidence curves from different series
should never be presented together in the same graph;
the temptation to do an invalid comparison is simply
too strong. 

If one had complete outcome and covariate informa-
tion for all patients, a proportional hazards version of
the competing risks analysis could in principle be per-
formed (2), (6), (14). No single analyst would general-
ly have such data for valves from different
manufacturers. Even if such data were available, I sug-
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Figure 1:  Competing risks for explant due to SVD
Hypothetical Bioprosthetic Valve

Dotted lines represent 95% confidence limits

Figure2:  Actuarial freedom from explant due to SVD
Hypothetical Bioprosthetic Valve

Error bars represent 95% confidence limits



gest that it would be much safer to compare valves
using actuarial analysis; the latter removes one source
of noise, and it does not seem that the competing risks
analysis adds anything valuable to the comparison. 
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In response to:
Bodnar E, Blackstone EH. Editorial: An ‘actual’ problem:
Another issue of apples and oranges. J Heart Valve Dis
2005;14:706-708

The life of a bioprosthetic heart valve usually ends as
a result of structural valve deterioration (SVD) or the
death of the patient. In this competing-risk situation,
the probability of SVD is estimated by the cumulative
incidence function, sometimes referred to as ‘actual’
analysis. The recent editorial by Bodnar and
Blackstone (BB) criticized this method and recom-
mended its prohibition.

Specifically, BB object to:
1. Terminology: using the name ‘actual’ instead of
‘cumulative incidence’.
2. Presentation: plotting its complement, and calling it
‘actual freedom’.
3. Comparison: using this statistic instead of the
Kaplan-Meier (KM) method to compare valve per-
formance.

We disagree with BB on all three points:

Terminology
BB: We should stop using the term ‘actual freedom’...

There is no reason to abandon the expression cumulative
incidence...

Statisticians use several names for this method,
including ‘cumulative incidence’, ‘crude probability’,
‘crude incidence’, ‘cause-specific failure probability’,
‘absolute cause-specific risk’, and ‘subdistribution
function’. ‘Actual’ is just a shortcut name, like saying
‘Ross’ - which is not a medical term - instead of ‘pul-
monary autograft’. Moreover, it is appropriate because
it estimates the percentage of patients who will ‘actu-
ally’ experience an event. ‘Linearized rate’ is not a sta-
tistical term, but was coined by cardiac surgeons at
Stanford to mean ‘…the constant hazard rate of an
exponential distribution’.

BB: Synonyms of ‘actual’ are current, eventual, and real,
and the implication of its use is that it is more real than the
actuarial estimate.

That is exactly the point; the term ‘actual’ is appro-
priate because it is ‘more real’ than the KM estimate
(see below). However, since this term is no longer
favored in this Journal, we will for now use the statis-
tical terms ‘subdistribution function’ instead of ‘actual
failure’ and ‘subsurvival function’ instead of ‘actual
freedom’ - the terms favored by the prominent text-
book on the subject (1).

Presentation
BB: Other authors … displayed graphically the comple-

ment of cumulative incidence, which normally rises from
zero to a certain positive value, so that the new curve
declined from 100% to a certain value.

305J Heart Valve Dis
Vol. 15. No. 2
March 2006



Although the probability of having an event is the
more direct concept, its complement - the probability
of being event-free - contains the same information,
and is usually preferred in survival analysis.

Comparison
BB: Cumulative incidence... must not be used to define or

compare valve performance. This should be done using actu-
arial [KM] methods.

The first two issues are really a matter of taste, but
this one is a matter of substance and statistical correct-
ness. The subdistribution and subsurvival functions
estimate the probability of having, or not having,
respectively, SVD in the presence of the competing risk
of death. As such, it would not be fair to use them to
compare, say, valve A from a series with a high death
rate to valve B from a series with a low death rate.
However, if the death rates in two series were similar,
then the comparison of SVD subdistribution or sub-
survival functions would be appropriate (2).

The same can be said of KM estimates. Comparing
high SVD rates with valve X in a younger population
to low SVD rates with valve Y in an older population
would not be correct, since the difference could be due
to patient age alone. So to make a fair comparison of
KM curves, the patient groups should also be similar.
But there is a deeper, technical issue involved here. The
subdistribution function gives a proper probability of
experiencing SVD; the KM estimate does not.

BB: We assume that patients who die before a non-fatal
event occurs were just as likely, while they were alive, as
anybody else to have experienced that event, even though
they didn’t.” Now, that sounds more sensible, doesn’t it?

That is true, if indeed the events of death and SVD
are independent. It may sound sensible, but it cannot
be demonstrated using competing risks data (3,4), and
for this reason the KM curve resulting from this
assumption has dubious value. It has been universally
criticized as: “…an incorrect use of the Kaplan-Meier
method…” (2); “…a meaningless quantity” (5);
“…irrelevant…” (6); and “…inappropriate for estima-
tion purposes in the presence of competing risks, while
the cumulative incidence is appropriate” (7).

That is the statistical argument. Then there is the
clinical issue: the KM curve gives the probability SVD
in the counterfactual situation where death has been
eliminated. This of course will never happen.

BB: In conclusion, the Journal of Heart Valve Disease will
no longer publish ‘actual freedom’ results in articles report-
ing long-term performance of replacement valves.

In light of the above, we feel that this editorial pro-
hibition should be repealed.
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Reply
We are gratified by Dr. Anderson’s solid endorse-

ment of our editorial, helping to clarify this rather con-
fused and confusing situation surrounding the use of
the word ’actual’ in the assessment of intrinsic valve
performances. We fully agree with him regarding the
importance of the concept of competing risk environ-
ment. His proposals on reporting long-term experi-
ences with replacement heart valves are excellent, and
we recommend that our future authors follow his
advice. 

The letter by Drs.Grunkemeier, Takkenberg,
Jamieson and Miller incorrectly summarizes in its first
paragraph the content of our editorial and therefore
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adds unnecessary confusion. Dr. Bodnar was probably
the first to introduce competing risks to cardiac sur-
gery; Dr. Blackstone and colleagues have used compet-
ing risks analyses extensively in multiple settings of
adult and, particularly, congenital heart disease, and
both will continue to do so to answer questions that
methodology was designed to answer. The method is
not the problem! The problem is its inappropriate use
in answering questions related to intrinsic properties
of heart valve substitutes, such as comparative dura-
bility. From its beginning, our editorial was clear about
the specific, focused context of our remarks. Rather
than restate the entire editorial to make one point clear,
perhaps an analogy would be helpful. 

Pretend we wish to compare durability (tread life) of
three brands of tire. (We understand that, just like
structural valve deterioration [SVD], this is a continu-
ous process and not an event; for simplicity, however,
we will estimate durability by the time to change tires
because of excessive tread wear, just as we may esti-
mate SVD by time to valve replacement.) Likely there
are specific risk factors for tire durability, but let us
imagine that miles traveled is the strongest (just as
young age is the strongest correlate of SVD). Now, let
us say that our study of tire durability for brand A is
dominated by a fleet of cars operated by traveling
salespersons, study of brand B by commuters living
within 5 miles of work, and study of brand C by moth-
ers with children involved in many after-school activi-
ties. After a stated period, most salespersons have had
to change tires, a number of mothers have, but few
short-distance commuters have. Should we conclude
that A and C tires wear out too fast, and we should
switch to brand B? If we instead compare the tires in a
distance-specific fashion using time-to-event (actuari-
ally based) analysis methods, we would be getting
closer to a fair comparison of brands A, B, and C by
isolating tire properties from the driving specifics of
their owners. In the case of SVD, the only universally
found risk factor is age of patient at implant, so age-
specific durability provides a reasonable comparison
of bioprosthetic device durability. As with the tires,
estimates of durability are properly made by time-to-
event-type analyses. 

You may then ask, what tire should we recommend
for the driving habits of a given person? The answer
may well depend on how long different people intend
to keep their cars. A person who leases a new car every
3 years no matter how little he or she drives may never
need to change tires. Trading in a car, like death of a
patient, is a competing risk. For someone who drives
little, there is no reason to pay a premium for a tire of
superior durability if at trade-in there is unlikely to be
much tread wear! However, it is important to under-
stand that the car-trading habits of owners do not

themselves affect intrinsic properties of the tires. So,
interesting as competing risks analysis is for answer-
ing some questions such as just posed, for simply com-
paring intrinsic durability of tires, these trading habits
are extraneous and should not be allowed to confound
the comparison.

Choice of a prosthesis for a given patient, like a tire,
may well depend on a number of factors, such as the
patient’s expected longevity, which itself has many
correlations that are unrelated to intrinsic properties of
the device. These are appropriately evaluated by com-
peting risks analyses. However, longevity of the per-
son, like car trading habits, is a far more complex
matter than the intrinsic properties of the prostheses.
Estimates of whether or not a patient will live to expe-
rience SVD of their prosthesis will be different for
every patient, despite the prosthesis retaining its
unchanged intrinsic durability.

It is important to recognize that in both time-to-event
and competing risks methods, time to SVD and time to
death are assumed to be completely independent of
one another. Thus, the fundamental “actuarial” calcu-
lation for each component of a competing risks analy-
sis can be performed independently of one another,
after which a mathematical combination is made. It
follows that actuarial estimates are fundamental and
unchanging, whereas competing risk estimates will
vary, depending on what set of events is considered
competing or ignored. (You may protest that it is irra-
tional to think there is no linkage between SVD and
death, and you are probably right. However, that is the
assumption that both “actuarial” and competing risks
methods assume. Methods for dealing with linked
events, called methods for “informative censoring,”
are still not well developed.)

In conclusion, we suggest that Drs. Grunkemeier,
Takkenberg, Jamieson and Miller think again, very
carefully, to realize the magnitude of the mistake they
make. Actuarial analysis and cumulative incidence
assessment are not competing but complementary meth-
ods. One is apple the other orange, and oranges should
not be blamed for not being apples. The question is not
which is better, the question is which should be used
for what purpose. Cumulative incidence cannot be
used to assess let alone compare intrinsic valve prop-
erties. Therefore, we repeat, The Journal of Heart Valve
Disease will no longer publish ‘actual freedom’ results
in articles reporting long-term performances of
replacement valves. The Journal will, however, readily
publish cumulative incidence if relevant, but not as the
measure of intrinsic valve characteristics.

Endre Bodnar MD
Eugene H. Blackstone MD
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